A D-A283 070 n
mARRGHE (]

To appear in Multidimensional Systems and Signal Processing, 1994.

NooolY -G4-/-p45 Y

jun0193* tex

An Algorithm for Stability Determination of Two-Dimensional
Delta-Operator Formulated Discrete-Time Systems

KAMAL PREMARATNE
Department of Electrical and Computer Engineering, University of Miam:, P.O. Boz 248294, Coral
Gables, FL 33124, U.S.A.

A.S. BOUJARWAH

Elecirical and Compuler Engineering Department, College of Engineering and Petroleum, Kuwait Uni-
versily, P.O. Boxz 5969, 13060 Safal, Kuwait.

Abstract. The recent interest in delta-operator (or, §-operator) formulated discrete-time systems (or,
§-systems) is due mainly to (a) their superior finite wordlength characteristics as compared to their more
conventional shift-operator (or, g-operator) counterparts (or, g-systems), and (b) the possibility of 8 more
unified treatment of both continuous- and discrete-time systems. With such advantages, design, analysis,
and implementation of two-dimensional (2-D) discrete-time systems using the é-operator is indeed war-
ranted. Towards this end, the work in this paper addresses the development of an easily implementable
direct algorithm for stability checking of 2-D é-system transfer function models. Indirect methods that
utilize transformation techniques are not pursued since they can be numerically unreliable. In develop-
ing such an algorithm, a tabular form for stability checking of é-system characteristic polynomials with
complex-valued coefficients and certain quantities that may be regarded as their corresponding Schur-Cohn
minors are also proposed. )
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1. Introduction

The increased interest in §-systems during the recent years (see [1-6], and references
therein) is due mainly to two reasons: (a) é-systems provide superior finite wordlength
properties with respect to roundoff noise propagation [5] and coefficient sensitivity [1], [5],
[7], as compared to their ¢-system counterparts, and (b) the §-operator yields the differ-
ential operator as a limiting case when sampling time approaches zero enabling a unified

treatment of both continuous- and discrete-time systems [1}.

With such advantages in mind, development of 2-D and multi-dimensional (m-D) §-

systern models must clearly be undertaken. Such research can, for example, provide m-D
digital filters with superior roundoff error and coefficient sensitivity performance allowing
their implementation to be carried out in a shorter wordlength environment. This is
especially crucial in real-time applications, such as, in implementing narrow bandwidth
filters under high sampling rates (for example, in current wide bandwidth communication

system applications) where traditional ¢g-operator implementations perform poorly [§].

In applications mentioned above, and those dealing with high-speed processing of 2-D
and m-D data (for instance, in weather, seismic, gravitational photographs, video images,
systems with mutliple sampling rates, etc.), ensuring stability is an important consideration
(see [9], and references therein). Given the characteristic polynomial of a §-system, to
determine stability, one may first use a variable transformation that yields a more familiar
stability region, for instance, the unit bi-circle. Then, an existing technique (see [9-10],
and references therein) may be applied. However, such techniques are known to be prone
to numerically ill-conditioning [1], [6]. In the 1-D case, direct stability checking methods
for 6-system polynomials are in [6] (where a tabular method based on the work in [11]
is given) and [12] (where a Hermite-Bieler-like Theorem is utilized). Hence, our purpose
here i1s to develop a direct easily implementable stability checking technique applicable
to m-D é-systems. As usual, for notational simplicity, we concentrate on the 2-D case, the

extension to the m-D case being quite straight-forward.

In checking stability of bivariate characteristic polynomials, two conditions must be
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Stability Determination of Two-Dimensional 6-Systems

satisfied.

(a) Condition I involves a 1-D stability check of a polynomial with real-valued coefficients.
One may use the table form in [6]. Alternately, one may utilize an explicit root location
scheme.

(b) Condition II involves a stability check of a polynomial with complex-valued coefficients
where the latter are dependent on a parameter taking values on a certain circle in the
complex plane. Explicit root location schemes are now ineffective, and the value of tabular
methods becomes apparent. Note that, in such a situation, compared. to Nyquist-like

techniques [13], tabular methods are known to provide certain numerical advantages as

well [14].

In checking condition II for 2-D ¢-systems, an effective technique involves checking

positive definiteness of the Hermitian Schur-Cohn matrix [15]. This lets one use an impor-
tant simplification due to Siljak [16]. The tabular form in [15] takes full use of this since it
provides the Schur-Cohn minors (that is, the principal minors of the Hermitian Schur-Cohn
matrix) directly from its entries [15], {17]. A similar simplification applicable to §-systems
is clearly possible if condition II may be reduced to checking positive definiteness of a

Hermitian matrix.

With the above in mind, we develop the following in this paper: (a) Tabular form
for stability checking of §-system characteristic polynomials possessing complex-valued
coefficients, (b) Analogs of Schur-Cohn minors and a corresponding Hermitian matrix
applicable for such systems, and (c) a direct stability checking algorithm for 2-D §-system

transfer function models.

The paper is organized as follows. Section 2 introduces the notation used throughout
and a brief review of previous results. Section 3 develops a tabular form for stability
checking of §-systems with complex-valued coefficients and some important relevant results.
Section 4 presents quantities that may be regarded as the analogs of Schur-Cohn minors
for 6-systems. The 2-D stability checking algorithm in Section 5 is based on the tabular

form for real-valued coeflicients [6]. Since only little extra work is nceded, results in both

—
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Sections 3 and 4 however are developed for the more general complex-coefficient case.

Section G presents an example to validate the results. Section 7 contains the conclusion

and some final remarks.
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2. Preliminaries

2.1. Notation

RS

RP*9 QPX4
var{-}

[

AT A, A*

R[w]a, S(w]n

R(w)

R[w1]a, [w2]n,

§R(wl,wz)
z,cC

T

Real and complex number fields.

Set of matrices of size px ¢ over ® and G, respectively.

Number of sign changes in the sequence {-} of real
numbers. .

Real part and imaginary part of [-] € Q.
Complex conjugate of [-] € .

Transpose, complex conjugate, and complex conjugate
transpose of A € IP*9, respectively.

Set of univariate polynomials of degree n (with re-
spect to the indeterminate w € <) over R and G,
respectively.

Set of rational univariate polynomials (that is, quo-
tient of univariate polynomials) over R.

Set of bivariate polynomials of relative degrees n,
and ny (with respect to the indeterminates v, € <
and w; € S, respectively) over R.

Set of rational bivariate polynomials over R.

Indeterminates of ¢- and §-systems, respectively.

Real positive number, usually the sampling time.

The transformation relationship between corresponding g-and §-systems is

[

H(c)lc—:
G(2)|z—c
H(cy,c2)lc—z
G(Zx,22)|z—-c

_z-l

T T

¢-system quantity analogous to its corresponding §-
system quantity [-]; for example, transfer function
of a given discrete-time system is either H(c) if im-
plemented based on the é-operator or H (2) if imple-
mented based on the g-operator.

H(c)e=(z-1)/r
G(Z)|z=l+rc
I{(Cl sc2)|ci;(z:;l)/r,i=lt2

G(Zl» z2)lz;=l+rc.~,i=l,2

(2.1)
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Stability studies of 1-D and 2-D ¢- and §-systems involve the following regions:
U U {z€F: ]zl <1}, {(z1,22) € 9% 1 Jaif < 1,1 =1,2}.
U,, L—(: {z€S: |z} <1}, {(21,22) € §® - |2l € 1,1 =1,2}.
T, T} {z€9:]z| =1}, {(21,22) €% : |25l = 1,1 =1,2}.
Us, U {c€S:lc+1/7] <1/7}, {(e1,¢2) €S : |ei +1/7] <

1/7,1=1,2}.

Us,U: {ceS:lc+1/r] <1t} {(c1,e0) € D2t Jei + 1/7] <
1/7,i=1,2}. '

T5, T¢ {c€S:lc+ 1/t =1/7}, {(a1,02) € ¥t fei + 17| =
1/r,i=1,2}.

To avoid unnecessary notational complications, the sampling time in both horizontal and

vertical directions is taken to be equal to T > 0.

To emphasize the degree of F(w) = Y ,_ Ve Sw n, We sometimes denote it
gr k=0 %k

as F(w)n as well.
F(w) Conjugate polynomial of F(w), that is, 3 ;_, &i") w*
FYz) Reciprocal polynomial of F(z), that is, z" F(1/z)

F¥c) Reciprocal polynomial of F(c), that is, (1 + 7¢)"
F (%)
A g-system polynomial is g-symmetric if F(z) = F¥(z). A §-system polynomial is é-
symmetric if F(c) = F¥(c).

Tabular forms of stability checking of a polynomial in S{w]» typically employ a sequence
of polynomials each of descending order. The first row of such a tabular form is denoted

as row #n, the second row is row #n — 1, and so on.
JT, MJT Jury table [18], modified Jury table [15], [17].

real-¢g-BT  Bistritz table for ¢-system polynomials with real-
valued coefficients [11].
complex-¢-BT  Bistritz table for ¢-system polynomials with complex-
valued cocfficients [19)].
real-6-BT  Table forin for é-systemn polynomials with real-valued
coefficients [6).
complex-6-BT  Table form for é-system polynomials with complex-
valued coefficients (this paper).

R
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A ¢-system polynomial with all its roots in U, (for the 1-D case) or U} (for the 2-D case)
is said to be stable. The corresponding regions for a §-system polynomial are s (for the

1-D case) or U} (for the 2-D case), respectively.

2.2. Review of complez-q-BT

The complex-§-BT introduced in Section 3 is based on the complex-¢-BT, and hence, we
briefly review it now. For more details, see [10]. Let the characteristic polynomial of a

g-system be
Fz)=Y aMz* € 3lz)a with F(1)e® and F(1)#£0. (2.2)
k=0

The complex-¢-BT is formed using the symmetric polynomial sequence {7T(z)i}%,

where [19]

( F(2)q + FY(2)a, for i = n;

- 7 _

T(Z),‘ = { F(z)nz — (Z)n’ for t=n— ]_; (23)
{ (sz + 5i+2z)T£z)i+1 — T(2)it2 , fori=n—2,n—3_...0,

where . +2)
3o = D0)i+2 _ i
i+2

= T(O)H—l = if,‘“” ti=n-2n-3,...,0. (2.4)

As in [11] and [19], equating similar powers on either side, we may also get the following

determinental rule: For £k =0,1,...,7,andt=n—-2,n-3,...,0,
Hi42)  i+2) Ai+2)  Hi+2)
t“(i) _ 1 to' tk+l 1 ti;-2 tk‘+l + t“(i+2) (2.5)
| I () i(i+1) {(i+1) Ai+1) i(i+1) i(i+1) k+1 - :
ty 0 k41 tiv1 ltin k

Remark. The computational advantage of BT is due to T(z); being ¢g-symmetric. This
i [V () . ey s .
implies fi) = ti—k ' , k =0,1,...,7, and hence, it is necessary to evaluate only half the

cocflicients of cach row.

Using (12-13), (16), and Theorem 6 of [19], we get
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THEOREM 2.1. [19] The polynomial F(z) € S(z]n is g-stable iff
L&Y#0,i=n-1,n—-2,...,0,and
IL v = var{T(1)n,T(1)n1,---,T(1)e} = 0.

2.3. Some results on 2-D stability

Consider the 2-D ¢-system transfer function

E(z,23)

I?(ZI,ZZ) - ﬁ'(z 22)
1,42

€ R(Z], 2'2) (26)
where E(z1,2;) € R[z1]n,[22]n, and F(z1,23) € R[z1]n,[22]n,- The 2-D z-transform is
taken using positive powers of z;. For a comprehensive discussion regarding stability of
such systems, see [9-10], and references therein. Hence, for reasons of brevity, only some
analog results applicable to 2-D §-systems are provided. It is only necessary to observe

that the corresponding §-system H(cy, ¢p) satisfies

E(a, .
H(er,2) = i = (e, )l € Rlen,c0) 27)

where E(cy,c2) € R[cy]n, [c2]n, and F(c1,¢2) € R[c1]n, [c2]n,- In the remainder of this pa-
per, we will only be dealing with transfer functions H(c;, c2) that are devoid of nonessential
singularities of the second kind on 7 and the pair E(c;,c2) and F(c,c;) is taken to be
coprime. If the 2-D polynomial F(cy,¢z) # 0, V(c1,¢;) € Ijl_i, it is said to be §-stable. After
using (2.1), the following result follows directly from [20]:

THEOREM 2.2. The 2-D §-system in (2.7) is é-stable iff
I. F(c;,—1/7) #0, Ve, € Us, and
II. F(cy,¢c2) #0, Yoy € Ts, Yoo € Us.

The following result, which allows one to use the real-6-BT, is directly from [21-22]

after us;ing (2.1):

THEOREM 2.3. The 2-D é-system in (2.7) is §-stable iff
I F(e;,—1/7)#0, Ve, € Us, and
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II. G(z,c2) # 0, Vz € [-2/7,0}, Vcz € Us.
Here G(z,¢2) = F(¢y,c2)F(é1,¢2) I

€Ty
T=(c1+€1)/2

2.4. Schur-Cohn minors

In stability checking of 2-D ¢-systems, the following result is important:

THEOREM 2.4. [15], [23-24] The polynomial F'(z) € 9z], is stable iff A; > 0, i =
1,2,...,n, where A; is the principal minor of the Hermitian Schur-Cohn matrix I' = I'* =

{'?gj} € Q"X defined as

i
¥ij = Z(an—i+k&n—j+k — @i-kdj_¢), for 1<
k=1

Stability checking of 2-D g-systems then involves positivity checking of all Schur-Cohn
minors A,-(z), Vi =1,2,...,n, V|z| = 1. A necessary and sufficient condition for this is
positivity of A;(1), Vi = 1,2,...,n, and A,(z), V|z] = 1. This is the simplification due
to [16] that has been effectively utilized in applying the MJT {15]. The advantage of the
latter is that its entries yield the Schur-Cohn minors directly. The fact that complex-¢-BT’s

entries also yield the Schur-Cohn minors was only recently shown.

THEOREM 2.5. [i0], [25] The Schur-Cohn minors of F(z) are the principal minors of

the (n x n) tridiagonal Hermitian matrix

[ Re[{VINTY) LD 0 SRR 0 ]
—1)Kn-2 ~1)y(n— —2)f(n-3 K
LTV Rl TVESY) LEE e o 0
Ao 0 %[z(on Z)i‘(n 3)] Re[i(o""'-')i‘(“"_":';a)] 0 0

2 1

ReGVE) (VI
1

SEVE) Re[i 8]




3. Complex-6-BT

With no loss of generality, consider the §-system characteristic polynomial
Fe)=a{Mc* € S{d., (3.1)
k=0
where
a”eR and oV >o0. (3.2)

We now construct the complex-6-BT with the use of the §-symmetric polynomial se-
quence {T'(c)}%, where

( F(c)n + Fn(c)m t=n;

T(e) = { En— i O T (3.3)

L (bit2 + 8iz2(1 +17fl_))1_7;(€)i+1 — T(Sit2 ,i<n—2.

Here
rg = T(—l/T),'.,.z
T T(-1/)i

The normal conditions required to complete the sequence are

,i=n—2n-3,...,0. (3.4)

T(-1/7)i #0,i=1,2,...,n — 1. (3.5)

Remarks.

1. To determine é-stability of F(c), one may of course first obtain F(z) = F(c)|c—, and
then determine its ¢-stability by applying familiar stability checking algorithms (e.g., BT
or MJT). The possible shortcomings of such a scheme are outlined in [1] and [6]. The
purpose here is to obtain a direct check for é-stability.

2. We follow the work in [6] and [19], and hence, for brevity, all details are omitted.

3. The conditions T(—1/7); = 0, for some : = 1,2,...n — 1, imply certain singular condi-
tions on the root distribution of F(c) [11], [19]. The equivalent singular conditions for the
real-6-BT is in [6].

4. Using 6—symmetry,_it 1s easy to show that -

(1)

T(-1/7) = E;—':-, 1=0,1,...,n. (3.6)
_
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Therefore
1 t—( i+2)

6H2=;é§ﬁ,ﬁ=n—lu-&“w0. (3.7)
ti+1

The normal conditions in (3.5) may now be expressed as

) 20, i=n-2,n-3,...,0. (3.8)

Analogous to [6], [11], and [19], we then have

THEOREM 3.1. The polynomial F(c) € S[c], is stable iff
LtY#0,i=n—-1,n-2,...,1,and
II. Vp = var{T(O),,, T(O)n_l, e ,T(O)o} = 0.

One of the main advantages of the complex-¢-BT is that all computations may be
carried out through real arithmetic only [19]. The same holds true for the the complex-§-

BT introduced above as well. To see this, let
T(c)i = S(c)i + jA(c)i with §; = Re[é;] + 71m[é;], (3.9)

fori = 2,3,...,n. Itis easy to show that S(c);’s and A(c);’s form sequences of §-symmetric

and §-antisymmetric polynomials, respectively. Now, (3.3) may be expressed as

ﬂdp2=1:TJ&MM2+myS@ﬁ4+hﬂMn&MdF1—ﬂd$ (
3 10)
A(€)i—2 = — ! [~Im[éi]rc - S(c)i—1 + (2 + Tc)Re[di] - Ac)i—1 — A(c)i],

1+47c

fore=2,3,...,n.
Remark. Note that, T(0); = S(0); + jA(0); = S(0);.

In the real-6-BT construction, a certain ‘scaling’ of {T(c);}L, was useful [6]. We
use the same technique in the complex-6-BT case as well, thus providing the following
advantages: (a) Terms containing 7 are avoided during construction, (b) é; and v; may be

deduced by simple inspection, and thus (c) computational effort is reduced.

—




Stability Determination of Two-Dimensional 6-Systems

The sequence of polynomials that incorporates ‘scaling’ is {U(({):}i-, where
¢ . . 1 k .
U= uf’¢t = T(c) e ul) = (--) 9 k=0,1,...,i, (3.11)
=0 c=—(/[r T

for: =0,1,...,n. Thus, from (3.3), we get, fort =n-2,n—-3,...0,

u$) = (8ip2 + Biga)uf ) — g™,

. B . L . . (3.12)
ug) = (6,'+2 + 6;+2)u$:+1) - 5,-+2u(k'f11) - ui"n) + ui'll, k= 1,2, Lo
Note that _ _
VDl
6‘+2=;t—(£+1)=_ﬁ(i+1)’z=n_2’n—3""’0’ (3.13)
t+1 41
and
vn = var{T(0): }iiy = var{u$ }oy. (3.14)

Therefore, condition II of Theorem 3.1 may be checked by inspecting the constant coeffi-
cients of {U(()i}re0-

Remark. Onc may use the same ‘scaling’ strategy in an implementation that uses only real

arithmetic.

Relationship between complez-q-BT and complez-6-BT

As was agreed upon previously, given F(c), € $(z], let us use the notation F(z), to

indicate

F(2)n = AF(¢)n (3.15)

where A € R is a possible scaling constant. The establishment of the relationship be-
tween the rows of complex-¢-BT of F(z), i.e., {T(2)i}™q, and complex-6-BT of F(c), i.e.,
{T(c);}y, which is the subject of this section, is useful later in obtaining the Schur-Cohn

minors from the latter.

CLAIM 3.2.
FY2)n = AFYc),

C—2Z
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_(1-—
=,\z"F( z) ;
c—2z TZ n
=z"F‘(1—Z) .
c—2 TZ n

Proof. Note that

1

z
N
—»z—(1+TC)F( 1+TC)n

The claim is thus proven.

FY2)p = 2"F ( )n = Az"F(c),

FYo)n

THEOREM 3.3. The rows of the complex-¢-BT of F(z) and the complex-§-BT of F(c) are

related by

. /\T(c),-I yt=nn-—2,..;
T(Z),': c—2
éT(c),— ,i=n—-1,n-3,....

iC—I

Proof. First, using Claim 3.2, note that

T(2)n = AT(c)n

cC—z

Thus, Theorem 3.3 is established for 1 = n. 1 = n — 1 may also be established directly.

Fori=n-2,n-3,...,0, use (2.3) and (3.3).

COROLLARY 3.4. _
HOJ ;)‘;—tst),. fori=n,n-2,..;
A t(')

fori=n-1,n-3,...,

; _{AZ(-'.) fori=n,n-2,..;

fort=n-1,n-3,....

Proof. This follows directly from Theorem 3.3.




4. Schur-Cohn Minors for §-Systems

We now develop quantities that may be considered the analogs of Schur-Cohn minors for

é-system polynomials.

LEMMA 4.1. The relationship between the complex-§-BT of F(c), € ${c]» and the Schur-
Cohn minors A;, i =1,2,...,n, of F(2), € ¥z], is
A= A2 ( t(n-i+l) z(n—l') + z(n—i-H) t(n—i)) A,
L 97r2(n—i+1) n—i+l “n-—i n—i+l “n—i t—1
A2 - —i) 2 X < « .
tSnn—i:il)t(n )lei—z ], Ao=1,A;=0,1<0.

~ Zra—am| nei

Proof. Note that, the relationship between the complex-¢-BT of 1‘5‘(2),l and its Schur-Cohn

minors are given by [25]

k)

” 1 —i n—i —i n—i)y X 1 «(n—-i n—-i)2 X
= 3 0 A - SRR

with Ag = 1 and A,- =0, ¢ < 0. Now, the claim follows from Corollary 3.4. n
Let
1 1 1 e
D=dla.g{r—n,:;'_—l,...,;}€§tx . (41)

Then, from Lemma 4.1, A in Theorem 2.5 is given by

A=).D-A-D (4.2)
where
[ R85V NSV 0 0]
A (arisl ey S Gl st I i
&= 0 SRS RISV T o S
i 0 0 0 -+ Re[{V#9) ]

Clearly, positive definiteness of A and A are equivalent statements. Hence, we may

consider the principal minors of A to be the Schur-Cohn minors of F(c).
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DEFINITION 4.1. The Schur-Cohn minors of F(c) € Sfc]n are the principal minors of the

tridiagonal Hermitian matrix A in (4.3).
Therefore, from Theorem 2.4, we have

THEOREM 4.2. The polynomial F(c) € ¥{c], is stable if A; > 0, 1 = 1,2,...,n, where A;
is the (¢ x ¢)-principal minor of A in (4.3).

Remarks.

1. Tridiagonal Hermitian matrices constitute an important class of matrices that have
been extensively investigated in matrix theory literature [26]. See also [10].

2. Since the Schur-Cohn minor A; obtained from the complex-¢-BT are necessarily

proper [10], [25], the Schur-Cohn minors defined above for §-systems are proper as well.

In terms of the ‘scaled’ sequence of polynomials {U(():}~,, Theorem 4.2 may be

stated as

COROLLARY 4.3. The polynomial F(c) € Sc]. is stable iff A; > 0, : = 1,2,...,n

where A; is the (i x i)-principal minor of

_Re[u(n) (n-—l)] l[u(n l)u(nn 22)] 0 . 0 1
_;[us‘ﬂ ll)u(ﬂ—z)] Re[u(n 1) . (fl 2)] 2[u(ﬂ—2) (ﬁ—3)] '.‘ 0
A= o L Da ) CRefulm D) 0 . (43)
L 0 0 0 e -—Re[u(ll)ﬁgo)] J

Proof. Using (3.11), and factoring out the appropriate diagonal matrices, the result im-

mediately follows. |

Remark. Again, notice how the use of the ‘scaled’ scquence simplifies the entries.




5. Algorithm for Checking Stability of 2-D §-Systems

To check coﬁdition IT of Theorem 2.2, we may adopt the following approach:

(a) Express F(cy,c2) € R[c1]n, [c2]n, 8s a polynomial in Scy]n, so that its coefficients, as
well as the corresponding Schur-Cohn minors, are parameterized by ¢; € 75. Here, we
have assumed that n, > ng; otherwise, the roles of n; and n, may be interchange-

(b) Check positivity of each of the Schur-Cohn minors, or positive definiteness .. .he
tridiagonal Hermitian matrix A € §"2*"2_ for all ¢; € T (see condition If of Theorem 2.2
and Theorem 4.2). These checks may be simplified by applying a direct extension of Siljak’s
result [16].

However, construction of the complex-6-BT and the entries of A require complex
conjugation of certain entries that are functions of ¢; € 75. This of course complicates the
scheme since ¢; = —¢1 /(1 + 7c1), Vey € Ts. On the other hand, in dealing with 2-D ¢-
system stability, we have z; = 1/z,, Vz; € 7;. This simple relationship has led to stability
checking schemes that use the complex forms of tabular forms [10} that incorporate the
polynomial array method [27]. To circumvent the above difficulty, the algorithm given
below uses the real-6-BT in order to check Theorem 2.3. In the appendix, an easily
implementable algorithm that yields

G(z,c2) = G(z)n,(€2)2n0, = F(c1,¢2)F(&1,¢2)] i€

Lo €%, (5D)
is provided. Note that

¢ €Ty < z€[-2/7,0] (5.2)

Before proceeding, however, it is important to note that tabular methods are useful
in checking for no roots to be outside the stability region. However, since in typical 2-D
stability studies the 2-D transforms are taken with positive powers [9-10], prior to applying
the stability check, the following ‘preparation’ must be done:
(a) Condition I in Theorem 2.3 may be checked by explicitly finding the roots or applying

the real-§-BT to ensure

F'e)(~1/7) = (1 + rcl)mﬁ'(l ;chCl> (_%) #0, Ve, € S\ Us (5.3)

T g
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(that is, polynomial is reciprocated with respect to ¢;).

(b) First form

2n2 ny
Gz (c2)ang = Y 9" (2)c} € Rizlny[ealan; where ¢§"D(z) = Yo" ek € Rlzl,. (5.4)
(=0 k=0

Here z € [—-2/7,0]. Now, condition II in Theorem 2.3 may be checked by applying the
real-6-BT to ensure ‘

2n2 ny
(_:,'(z)"_‘(cz)g,.2 = Zgﬁ?ﬂz)(z)cg where ggznz)(z) = Zg(kztﬂz)zk € R[zlﬁl
(=0 k=0 (55)
= G(z)!(c2) '
= (14 1¢2)?"2G(z) ( —a ) #0, Vz € [-2/7,0], Ve, € S\ Us
14 7cq

(that is, polynomial is reciprocated with respect to ¢;). Again, z € [-2/7,0].

We will hence implicitly assume that the given 2-D §-polynomial has already been ap-
propriately ‘prepared’ as above. In addition, the construction of the real-§-BT for G(z)(c,)

requires ensuring [11]

@) £0 and §n? >0, Vzel-2/7,0] (56)

2n;y
Violation of the first condition in (5.6) is equivalent to
F(c1)(0) =0 for some ¢, € Ts. (5.7)

Assuming, with no loss of generality, 5&:’) > 0 for some z € [~2/7,0], violation of the

second condition in (5.6) is equivalent to
F(c1)(-1/7) =0 forsome ¢, € Ts. (5.8)

Therefore, each of these violations imply instability. Verifying condition (5.7) must be
included in the algorithm. Condition (5.8) is automatically verified when condition I in

Theorem 2.3 is checked (see (5.3)).

SRR - - . 1 - - -
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Then, we have the following

THEOREM 5.1. The 2-D é-system in (2.7) is stable iff

L F(a)(-1/7) #0, Vc; € Us, and

II. F(c,1)(0) # 0, Ve, € Ts, and

III. A;(0) >0, Vi =1,2,...,2n,, and

IV. Azn,(z) > 0, Vz € [—-2/7,0], which is satisfied whenever Ag,,(z) # 0, Vz € [-2/7,0},
together with condition III.

Here, A is the Hermitian matrix mentioned in Theorem 4.2 corresponding to G(z)(c;)

where z € [-2/7,0].

Conditions I and II in Theorem 5.1 are easy to carry out (they may in fact be verified
by explicitly finding the roots). Condition III and IV require construction of the real-6-BT
and the Schur-Cohn minors for which we now develop polynomial arrays [27]. We also
provide a scaling scheme so that the numerical reliability of the resulting algorithm is

enhanced.

5.1. Polynomial array for entries of real-6-BT

Express G(z)(c2) as
G(z)(c2) = x™)" . G - ") (5.9)

where x(™) = [zg™ ™1 1|7, cgzn’) = [, 27 1T, and G = {¢:;} €

R(m1+1)x(2n2+1) g the coefficient matrix. Then, it is easy to show that [6]
G(z)(c2) = xm) G cgzn’) where G = G777 p(2n2) {2n2), (5.10)

Here

1_(2nz) — dia,g{T2"’,T2"’_l e, 1} € R(2n2+l)x(2ng+l),
| (5.11)
P(2n1) — {le} € R(2n3+l)x(2n2+l) where pij = (_1)2nz+l—lpij.

The elements p;;, which in fact are those of the Pascal’s triangle, are given by

0, for 1 < 3;
Pi-1,j—1 + pi=1,j, elsewhere.

O R
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The real-§-BT is constructed using the ‘scaled’ polynomial sequence in (3.11-14). Let
H(y)(¢) = G(I)(Cz)|=:=—</f'

rm~yfr

5.13
HW)Q) = G@)ea) |eynegse = Gla)en) [exmmere - (5.13)

z=~ylr
Note that, r € [-2/7,0] iff y € [0,2]. Now, using (5.9-12), row #2n; and 2n; — 1 of the
corresponding ‘scaled’ real-§-BT are given by

2“1

UW)(Qzn, = Y uf ¢t = H(y)(C) + H()(C)
£=0

= y(m)" L {r) T G0 (f2a) | plana)y . 2na),

= 1 - (5.14)
U@ Qg = 3wt = ZWO C/fr(y)«)
=0

= y(r)T L {m) T L Gal2na) T () _ plana)y. [C""“H)] |

where ¢{(2"2) — [¢%n2,¢?m 1, 1T, and

#Ho) = diag{(~7)™, (7)™, .. 1} € RMFDx(m+1).

1) = diag{(—1)%"2,(=1)>""1, .. 1} € REr2+1x(2na+1). (5.15)
p2r2) {ﬁij} € R(2n2+1)x(2n2+1) where p;; = (_1)i+jp'_j.
Each element of the remaining rows is of the form
(0
: n .o
w(y) = (—i(%% €=0,1,...,i,i=2n3,2ny— 1,...,0, (5.16)

where n, )(y) € R[yl,» and d(y) € Ry]:). Substituting in (3.12), it is easy to show
that, for £ =0,1,...

,Z,
ng = nfff)( 'H) - 2n§i+l)) — 5':11) S'“) + nsi_)l, for 1=2n,-2,...,0;
40 1, _ for : = 2ny,2n, — 1, (5.17)
- d("“)nffll), fori =2ny -2,...,0.

Note that ugzn,) = n((z"‘) and ugz"’_l) = ngz"’_l). Moreover

0_(,') _ Tll? ) fori = 2712, iNg — 1
Tl oD 4 oD for i =20, —2,...,0;
) (5.18)
@ _}0, for i = 2n9,2n9 — 1,
¢ = o —n,, fori=2n,-2...,0.
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Scaling scheme. Let us scale rows #2n, and #(2n; — 1) so that each coefficient takes
values in [—1, 1]. Correspondingly, for € =0,1,...,7; i = 2ny,2n, — 1, let
() _ y()z0).
n, = A"a’;
¢ ¢ (5.19)
FORNOF O}
where A() () > 0, i = 2n,,2n; — 1, are the scaling constants and [} denote scaled

quantities. Note that
nan;) /\(2,,2) ﬁ$2n3)

dCna) T Y2 g(2ma)

5.20
n?nz—l) B A(2n2-1) ﬁgz""” ( )
d@n2—1) T 4(2n2-1) j(2ny—-1)

Now, substituting in (5.17-18), we get
) g g
ng™? (@) (@naml) (o)) (mae1)2m) | Teor )
(4 _ 52n3) /. (iny— ~(2nz—- -(2n2—-1).(2n -1 .
A(2n2) \(2n2-1) = Mn, (nf—lz — 2n, ’ )—"2'!:2—1 T ’ +,\(2n,),\(2n,—1)' 591
J(2n2-2) ) (5.21)
= J(2n2)(2na—1)
7(2712),\(2":—1) 2na—1

It can now be seen that, it is only necessary to compute the quantities on the left hand
side of (5.21). Then, one may scale these to get

ngznz‘-?) — A(Zn,)/\(Zn:—l)A(2n2—2)ﬁ$2n2—2);

5.22
d(2n2~2) — 7(21‘&1)7(2n3-—2)A(2ﬂ2—l)d’(2n3—2). ( )

Note that
n(Znm2) \(@2n2) y(2n2-2) (2022)

d(2r2-2) = 7(2"2)—7(2112—2) d(2n2-2) " (5.23)

Continuing in this manner, the computation of the entries of real-6-BT may be summarized
as follows:
(2) From (5.14), compute n(ti),d(‘), t = 2n,,2n,; — 1.
(b) From (5.19), use scaling constants A), () i = 2ny, 2ny — 1, to get r’zgi),d(i), i =
2nq,2n9 — 1.
(c) From (5.21), for £ = 0,1,...,%; ¢t = 2ny — 2,...,0, compute

() (1)

n . . . . . n
¢ _ o(i+2), - (i+1) - (i+1) - (i+1) . (1+2) -1,
G) LAY (nl—l - 2"’( ) N T + (i)
I{n I\n r .)
£ (5.24)
_ J(i+z)-(i+l)
G Riy1
I\d)




Stability Determination of Two-Dimensional §-Systems

and use scaling constants A() () i =2ny, —2,...,0, to get ﬁ(ci),d(‘), t=12n9—-2,...,0.
Here, I\'S‘i) and K‘S‘) are constants.

(d) Notice the relationships

n2)x(nz-2). () &) i
(‘) ﬁ:,:;:ﬁ:,:_:, :\’(,) :( T for t = 2n,,2n, - 2,...,0; (5.25)
(.) (2n3-1) 3 (202 -3) . () al? . )
d :(3,.:_‘):(2,.:_3) :(T‘I‘— for t= 2'".2 - 1, 2112 - 3, caay 1.
5.2. Polynomial array for Schur-Cohn minors
Each Schur-Cohn minor obtained from the table, in general, will be of the form
Ai(y) = .(y)ER()i—12 2n (5.26)
H D(')() yphr=1,4,..., 2, .
where N)(y) € R[y] » and D (y) € Ry] ,». From Corollary 4.3, we get
-t 1 -t 2 ny—i)? .
Bily) = —tpmih g Bicy — gul T W T A, i = 1,2, ,2n,, (527)

where Ay =1 and A; =0, Vi <0.

Remark. Actually, as in [10], one may show that, for stability determination purposes, only
the numerator polynomials of A; need be computed. However, to contain the orders of the
resulting polynomials, and hence improve numerically conditioning, we do not recommend

this scheme.

Scaling scheme. Due to the scaling of entries of the real-6-BT, computation of A;, : =

1,2,...,2n,, may be modified as follows: Let

_ (2n2) (2n,-1)
Al = TUgy, Ugp,—i

A(2n2) ) (2r2—1) ; -(2nz) H(Zn2=1) (5.28)

— 2na 2".2 1

7(712;),7(2113—1) d(2n2) d(2na-1)

Hence, it is only necessary to compute the quantity

- (2"2) .(2"2—1)

= _2ma "2na—1 .
Ar = d(2n2)d(2na—1) (5.29)
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Continuing in this manner, the computation of the Schur-Cohn minors may be summarized

as follows: From (5.27), for i = 1,2,...,2n,, compute

-(2112—i+l)..(2n;—i) 21—t .(2"2—i+l)-(2nz—i)
A, = _M2na-itl Mang-i | 4 1ACn2=D gy L) g,
t

T T d@na—i+1) J(2nz—1i) Ai-1 + 4 7@mn=D G@na—i+1)g2ns—n) T2

(5.30)

where Ay =1 and A; =0, Vi < 0.

Remark. Note that, since A;(y) is necessarily a proper polynomial (that is,.denominator di-
vides numerator properly with no remainder), and not a rational polynomial (see Remark 2
after Theorem 4.2), it is easy to see that d(2#2=i+1)d(272=%) must divide ﬁgzn';’_:ﬁl)ﬁgi'::‘)

exactly.

5.9. Algorithm

The following result, which is the basis of the stability checking algorithm, is now obvious

from [10] and Theorem 5.1:

THEOREM 5.4. The 2-D é-system in (2.7) is stable iff
I. F(c;,—1/1) # 0, V¢, € Us, and

II. F(c,)(0) # 0, Ve, € T, and

III. Ai0) >0, Vi =1,2,...,2n,, and

IV. Asn,(y) #0, Vy € [0,2].

The 2-D stability checking algorithm may now be summarized as follows:

GIVEN.
A 2-D é-polynomial F(cy,c2) € Rlci]n,[c2]n,- Without any loss of generality, assume

that n; > ng, and express F(cy,¢2) as F(c1)n,(€2)n,-

STEP 1. Condition I of Theorem 5.4:
Apply an explicit root location procedure. If result is satisfactory, proceed; otherwise,

system is unstable.

STEP Il. Condition II of Theorem 5.4:
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Apply an explicit root location procedure. If result is satisfactory, proceed; otherwise,

system is unstable.

Step III.
Form G(y)(c2) using the algorithm in the appendix; then form U(y)(¢)2a, and
U(y)(¢)2n,—1 from (5.14). These yield ngzn,) and n?"’_l). Of course, d(?"2) = d(2n2-1) =
1.

From (5.19), obtain f(2ne) s A= , and the associated scaling constants \(2n2)
¢ ¢ g

and A("2=1_ Of course, d(3"2) = d(272-1) = | and y(2n2) = 4(2na=1) = 1,

STEP IV. Condition III of Theorem 5.4:
Form A,(y) from (5.30) and check whether A;(0) > 0.

If result is satisfactory, form ﬁ?"z-?-)

A(@n2=2) apd 4(272=2) from (5.24). Form A,(y) from (5.30) and check whether A,(0) > 0.

and d(?"2~2) and the associated scaling constants

If result is satisfactory, proceed likewise until A,,,(0) > 0 is checked. Note that, this re-
quires checking of only the constant coefficients. If result is satisfactory, proceed; otherwise,

if the check fails at any t = 1,2,...,2n,, system is unstable.

STEP V. Condition IV of Theorem 5.4:
Apply an explit root location procedure to check whether Aq,,(y) #0, Yy € [0,2].

Remarks. The possible numerical difficulties that may arise in using explit root location
procedures may be avoided as follows: (a) Steps I and II may be verified using the real-é-

BT [6], and (b) step V may be verified by the Sturm sequence method.




6. Example

The stability checking algorithm presented in the previous section is now illustrated
through an example. Polynomial entries are denoted using a self-explanatory shorthand
notation where the highest degree coefficient is written first. Moreover, only four decimal

digital on the mantissa are shown.

Consider the 2-D polynomial

1 50 740 c2
F(Cl, Cz) = [C% Cy 1 ] 52 2700 38480 C2
740 38480 547600 1

with the sampling time 7 = 0.1 s.

STEP I. Condition I of Theorem 5.4:

By applying an explicit root location procedure, one can show that

F(c,)(—1/7) = 340¢? + 16680c, + 236800 # 0, Ve; € Us.

STEP II. Condition II of Theorem 5.4:

By applying an explicit root location procedure, one can show that

F(c1)(0) = 740¢? + 38480c, + 547600 # 0, Ve; € Ts.
STEP III. Using the algorithm in Appendix, we get

Gw)¢)=[y® y 1)]52480e+04 54011e+06 2.1662¢+08 3.9968¢+09 2.8738e+10| | ¢
1

1.2800¢ + 03 1.2992¢ 4+ 05 5.1904e + 06 9.614le + 07 7.0093e + 08] [Cg }
5.4760e + 05 5.6950e + 07 2.2912¢ + 09 4.2143e + 10 2.9987¢ + 11

After scaling, rows #4 and #3 are computed as follows:
Al = [1.2859¢ — 02, —5.0693¢ — 02, 5.1315¢ — 0’
Al = [~7.9833¢ — 02, 3.1991e — 01, —3.2798¢
At = (1.9671e — 01, —7.9909¢ — 01, 8.2798¢ — 01);
A = [~2.3375¢ — 01, 9.5836e — 01, —1.0000¢ + 00);
At = [1.1687e — 01, —4.7918¢ — 01, 5.0000¢ — 01,
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with A4 = 1.1995¢ + 12, and
7y = [~2.4050¢ — 02, 9.4053¢ — 02, —9.4595¢ — 02);
Ay = [1.3044e — 01, —5.1542¢ — 01, 5.2252¢ — 01];
7{" = [~2.4703¢ — 01, 9.8194¢ — 01, —1.0000¢ + 00];
A¢) = (1.6469¢ — 01, —6.5463¢ — 01, 6.6667¢ — 01],

with A(® = 5.3490e + 10. Of course, d¥) = d® =1 with y®) = 40Q) =,

STEP IV. Condition III of Theorem 5.4:
We get

Ay = [3.0926¢ — 04, —2.4286¢ — 03, 7.2184¢ — 03, —9.6217e — 03, 4.8541e — 03].
Clearly, A;(0) = 4.8541e — 03 > 0.
Now, row #2 is computed as follows:
As” = [~8.8619¢ — 03, 6.8253¢ — 02, ~1.9920¢ — 01, 2.6099¢ ~ 01, —1.2057¢ — 01];
Y = (3.3584e — 02, ~2.5969¢ — 01, 7.6068¢ — 01, —1.0000¢ + 00, 4.9793¢ — 01);
Ag) = [~3.3584e — 02, 2.5969¢ — 01, ~7.6068¢ — 01, 1.0000€ -- 00, —4.9793¢ — 01],

with A(?) = 4.2420e — 02. Also,
d® = [-2.5424¢ ~ 01, 9.9428¢ — 01, —1.0000€ + 00],

with 7 = 9.4595¢ — 02. We get
Ag = [1.8046¢ — 07, —2.8190¢ —~ 06, 1.9343¢ — 05, —7.6148¢ — 05, 1.8810¢ — 04,

— 2.9857e — 04, 2.9737¢ — 04, —1.6992¢ — 04, 4.2654¢ — 05].

Clearly, Ay(0) = 4.2654e — 05 > 0.

Now, row #1 is computed as follows:
Ai{) = [2.5168¢ — 03, —2.8515¢ — 02, 1.3555¢ — 01, —3.4597¢ — 01, 5.0000¢ — 01,
— 3.8792¢ — 01, 1.2623¢ — 01];
Aig) = [~5.0336¢ ~ 03, 5.7031e — 02, ~2.7110¢ — 01, 6.9194¢ — 01, —1.0000¢ + 00,

7.7584¢ — 01, —2.5246¢ — 01],
—
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with A(1) = 3.0980e — 02. Also,
dV = [-3.3954e — 02, 2.6151e — 01, —7.6322¢ — 01, 1.0000e + 00, —4.9646¢ — 01},

with (1) = 2.6099¢ — 01. We get
Az = [4.0500e — 10, ~9.3525¢ — 09, 9.9260e — 08, —6.4020¢ — 07, 2.7947¢ — 06,
— 8.6990¢ — 06, 1.9797e — 05, —3.3188¢ — 05, 4.0679¢ — 05, —3.5552¢ — 05,
2.1029¢ — 05, —7.5594¢ — 06, 1.2489¢ — 06).

Clearly, A3(0) = 1.2489¢ — 06 > 0.

Now, row #0 is computed as follows:

fig) = [—1.0487¢ — 04, 1.9379¢ — 03, —1.6174e — 02, 8.0291¢ — 02, —2.6251¢ — 0L,
5.9070e — 01, —9.2642¢ — 01, 1.0090¢ 4 00, —7.1104e — 01, 3.0076e — 01,
— 5.7473e — 02},
with A(©) = 4.4719¢ — 02. Also,
d® =[-6.7946e — 04, 1.0355¢ — 02, —6.9373¢ — 02, 2.6679¢ — 01, —6.4420e — 01,
1.0000e + 00, —9.7458e — 01, 5.4519¢ — 01, —1.3404e — 01],
with 7(9 = 9.4174e — 01. We get
A4 = [4.3531e — 12, —1.3058¢ ~ 10, 1.8400e — 09, —1.6166e — 08, 9.9118¢ —~ 08,
— 4.4970e ~ 07, 1.5618e — 06, —4.2352¢ — 06, 9.0628¢ — 06, —1.5355¢ — 05,

2.0530e — 05, —2.1433e — 05, 1.7129e — 05, —1.0130e — 05, 4.1814e — 06,
— 1.0762¢ — 06, 1.3014e — 07].

Clearly, Ay(0) = 1.3014¢ — 07 > 0.

StEP V. Condition IV of Theorem 5.4:

By applying an explicit root location procedure, one can show that

Ad(y) 9& 07 V‘_l] € [0’2]

Thus, we conclude that F(c;,c2) is stable.




7. Conclusion and Final Remarks

In this paper, we have developed an efficient stability checking algorithm applicable for 2-
D é-system characteristic polynomials. Qur purpose here is to obtain a direct algorithm
due to the possible numerical disadvantages associated with indirect methods that utilize

transformation techniques.

In arriving at the algorithm, the following contributions have been made: (a) Tab-
ular method of stability checking applicable for é-system polynomials possibly possessing
complex-valued coefficients, (b) quantities that may be regarded as the Schur-Cohn minors
applicable for such systems, and (c) polynomial arrays for computing both table entries

and Schur-Cohn minors.

The proposed Schur-Cohn minors lets one use a Siljak-like simplification {16] in the
stability check. Although the algorithm utilizes only the real-§-BT, results regarding the
Schur-Cohn minors are in fact valid for the more general complex-valued coefficient case

as well.

As in [10}, it is possible to develop the algorithm such that only the numerator poly-
nomials of the entries of the real-§-BT and the Schur-Cohn minors are computed. Then,
we do not require polynomial division operations. However, our experience has been that
such a scheme is prone to be numerically unreliable. This is mainly due to the explosion
of polynomial degree especially in computing the Schur-Cohn minors. To avoid these dif-
ficulties and enhance numerical reliability, we have (a) introduced a scaling scheme, and
(b) used polynomial division to contain the polynomial degree. The latter is not new; in
fact, MJT also uses this. If the user is interested in implementing the algorithm using
PRO-MATLAB (28], these polynomial division operations may be conveniently performed

using the routine deconv.

We believe that a suitable scaling strategy can improve the numerical reliability of

the MJT as well. The authors are currently looking into this.

The algorithm developed is easily implementable on a computer. The authors have

IEINININNNNNAE————— ]
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implemented it via a C-language routine that the interested reader may request from the

second author.
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Appendix. Algorithm to obtain G(z),,(c2)2n, from F(cy)n,(c2)n,

Given

F(c1)n (€2)n, = Zfl(cl) -t where fo(c)) = ka,l ek e €Ty, (a.1)

=0 k=0
we now develop an algorithm that yields

2“2

G(z)ny(c2)2n, = ZQJ(z) C% F(c1)n,(c2)n, - F(@1)n,(c2)n;, €1 € TG (a.2)
j=
First, we see
G(z)(e) =) ) fle)fi(@r) - e
¢=0 =0
n2 na+{ 2ny J (a3)
=" fle))fi-e(@) -G =D > fler)fi-e(a1) -
=0 j=¢ J=0 =0
(quantities with negative subscripts are taken to be zero). Hence, comparing (a.2-3), we
get _
J n ny
9;(z) =) _ fe(er)fj-e(@) = Z Yo Srefii-e- et
=0 t=0 Lk=0 i=0
J m
=> kalfk,;—t (a&)* +ZZfL efij-t- i (24)
=0 | k=0 k=0 ¢=0
itk
Jj m
=Y > frefri-e- (@) + X
=0 k=
] n k ) ny )
DD fefiime- @i+ ) fuefij-e- i)
k=01 i o
[ ny k . ng k )
feefijoe- S+ fiefejoe- i
k=0 i=0 k=0 i=0
ik itk (a.5)
n k _
Z(fk(fx,]-—l Cl +ftlfk1 e C] )'(C]E;)'
._k=0 :#k
k
Z(clcl) Z [fk (ft,] ¢ Cl +fx] (fL e C] l]
t=0 (=0




Stability Determination of Two-Dimensional §-Systems

Let us use the notation

n Eﬂ
cgn)zi—;;——l-, c,G?},n:O,l,.... (aG)
Noting that, for ¢, € T3,
- €y
= - 7
@ 147¢’ (a.7)
it is easy to show that
2
C]E] = ‘—;Cgl) . (3.8)

Substituting i (a.5), we get

X—i[ikzlzfuf ( 2)"-c‘”‘c“'“"] (a.9)
1,8 1 1 . .

£=0 Lk=0 =0

Substituting in (a.4), we get

J m k i . )
gi(z) =) Z [fk,lfk,j—l (:;g) . cS" szk tfij—t ( 2) -cgl)'cﬁk-')] . (a.10)

=0 k=0 1=0

Now, in order to develop the algorithm, we need a recursive procedure to com-

pute c( ), n=0,1,.... To proceed, we note that

RO (a+a)( ' +& ) —qa(ef? + 67
() —
2

] (a.11)
=2cM ( (n=1) 4 2 (""’) ,n=23,....
Let
RON ZCY'.) i (a.12)
where
c(ll) = z. (a.13)
Remark. Note that
Cgo) =1. (a.14)
Substituting (a.12) in (a.11), and equating similar coefficients, we get
n n 1 n .
c‘...~’=2(2,‘,’+ ﬁ.‘i’>,z=0,...,n,n=2,3,.‘-- (.15)
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For instance, cﬁ"’, n =0,1,...,5, may be conveniently obtained from
- (0

| 0 1 T

P o 2/r 2 z?

c(l” 10 0 6/7 4 3

S 0 0 4/ 16/r 8 zt

| & L0 0 0 20/r% 40/r 16] Lz°




